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Abstract. We study the boundedness of Toeplitz operators on 
Segal-Bargmann spaces in various contexts. Using Gutzmer's for- 
mula as the main tool we identify symbols for which the Toeplitz 
| . operators correspond to Fourier multipliers on the underlying groups. 

The spaces considered include Fock spaces, Hermite and twisted 
Bergman spaces and Segal-Bargmann spaces associated to Rie- 
mannian symmetric spaces of compact type. 



(N 
> 

tJ" ' 1- Introduction 

OO ■ Given a domain fl in C n let TC(Q, dp) stand for a weighted Bergman 

space of holomorphic functions contained in L 2 (£l,dp). Let g be a 
Lebesgue measurable function on such that gF G L 2 {VL,dp) for all 
' F from a dense subspace of H(Q, dp). We can then define the Toeplitz 

operator T g by T g F = P{gF) where P : L 2 {Q,dp) -> H{Q,dp) is 
the natural orthogonal projection. Such Toeplitz operators have been 
studied extensively in the literature. 

Suppose now that Q is invariant under the action of a Lie group G. 
The group G has a natural action on H(Q, dp). Let us further assume 
that there is an isometric isomorphism B between L 2 (G) and TC{fl, dp). 
Using this, we can transfer the Toeplitz operator T g into the operator 
B~ x T g B acting on L 2 {G). Then the boundedness of T g becomes equiv- 
alent to that of this transferred operator which might turn out to be 
easier to study using harmonic analysis on the group G. The simplest 
bounded operators on L 2 (G) are given by Fourier multilpiers and hence 
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it is natural to ask which Toeplitz operators give rise to such multiplier 
transformations. 

In this article we are interested in the case where B is the Segal- 
Bargmann transform on the group G and 7i(Q, dy) is the image of 
L 2 (G) under B. It turns out that we can identify a large class of sym- 
bols g for which B~ l T g B reduces to Fourier multipliers. The groups 
for which such results can be proved include R n , Heisenberg groups 
and compact Lie groups. An important role is played by the so called 
Gutzmer's formula. Thus for Fock spaces, Hermite and twisted Bergman 
spaces and Segal-Bargmann spaces associated to compact Lie groups 
and symmetric spaces we have identified special classes of symbols for 
which T 9 's correspond to multiplier transforms. 

The plan of the paper is as follows. In the next section we look 
at Toeplitz operators on the classical Fock spaces. In section 3 we 
study Toeplitz operators on Hermite-Bergman spaces which give rise to 
Hermite multipliers when conjugated with the Hermite semigroup. In 
section 4 we characterise all Toeplitz operators on the twisted Bergman 
spaces that correspond to Weyl multipliers. Finally, in the last section 
we consider Toeplitz operators on Segal-Bargmann spaces associated to 
compact Lie groups and symmetric spaces. For results closely related 
to the theme of this paper we refer to [2], [10] . [11] and [12] . 

2. Toeplitz operators on Fock spaces 

In this section we look at Toeplitz operators on Fock spaces which 
have been studied by several authors, see [2] and the references there. 
First we consider Toeplitz operators with radial symbols and obtain 
a necessary and sufficient condition for T g to be bounded. Toeplitz 
operators with radial symbols on ^-"(C) with a different assumption have 
been studied by Grudsky and Vasilevski [9]. The condition involves 
the heat flow g * qi/4 and under a mild decay assumption we prove 
boundedness when g is radial. Later we consider symbols g(x + iy) 
which depend only on y and show that they correspond to Fourier 
multipliers. For such symbols we show that the conjecture of Berger 
and Coburn [2] is true. 

2.1. Radial symbols. In this subsection we consider Toeplitz op- 
erators associated to radial symbols on the Fock space JF(C n ). 

F{C n ) := {/ G 0(C n ) : / |/(^)| 2 ^)<oo}, 

where d[i(z) = (2ii)~ n e~2i z i . It is known that JF(C n ) is a Hilbert space 
with the reproducing kernel explicitly given by K(z,w) = . Recall 



TOEPLITZ OPERATORS 3 

that the Toeplitz operator with symbol g is given by 

T 9 f(z) = P(fg)(z) = [ g(w)f(w)e z ^ 2 dfi(w). 

An orthonormal basis for the Fock space JF(C n ) is given by 

z a 

(a(z) = — -. 

2V(a!)V2 

As (T g ( a , (/s) = (gCa, (p) we can easily check that 

{Tg(a,(p) = $ap(Tg( a ,(a) 

whenever g is radial. This leads to the following result for Toeplitz 
operators with radial symbols. In what follows we let 

q t {z) = (Arrt)- n e-^ 2 

stand for the heat kernel on C n associated to the standard Laplacian 
and 

<Pk(z)=Lr 1 (\\z\ 2 )e-W 

for the Laguerre functions of type (n — 1). 

THEOREM 2.1. Let g be a measurable function on C n such that 
g( a G L 2 (C n ,dfi) for all a G N n . Then the Toeplitz operator T g is 
bounded on jF(C n ) if and only if the sequence 

k\(n- 1)! 
(k + n- 1)! 

is bounded. 



9 * qi/4(w)(p k (2w)dw 



Proof. Using the result (see Lemma 3.2.6 in |26j) 

5 2n-i (J a | + n — 1)! 

we easily calculate that whenever g is radial 

fc!(n-l)! r 00 r^n-i 

where k = \a\. Therefore, 

T g F(z)= £ R ]al (g)(F,(*)Uz) 

oSN n 

where 

flfc(g) = „ M / 9{r)%—e-^dr. 



(Jfe + n-l)! J av 7 2 k k\ 
The theorem now follows from the following lemma. □ 
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Lemma 2.2. Let g be a radial function as in the theorem. Then for 
any k G N, 

k\(n - 1)! f 
Rk{g) = Cnyrr, 7TT / 9* qi/A{w)(p k (2w)dw. 

[K + n — 1)1 J C n 

Proof. We make use of the following formula satisfied by Laguerre 
functions (see Szego [20J) 



L?(x 2 ) = fr / e~ % t 2k+a ax J t a dt 
kK ' k\ J t a x a 

which can be rewritten as 

e~ 2x2 L a k (2x 2 ) = i r ' e-^(-) k ^^-t 2a+1 dt. 
kK ' k\ J K 8 J t a x a 

Inverting the Hankel transform and making a change of variables we 
get 

1 „-^t 2 \k _ f „-2x 2 T a/-n^2\^a(^tx) 2«+1 



(2.1.1) _ e -3*-(L.)*= / e ~ 2x L a k (2x 2 ) " v 7> x 2a+1 dx. 

y ' k\ v 2 ; Jo (2tx) a 

As both sides are holomorphic in t the above equation remains true 
when t is replaced by it. 

Under the assumption that g is radial we observe that 

g*q 1/4 (z)= / g(w)e~ lz ~ wl2 dw 

reduces to a constant multiple of 

g(r)e 



„p / q(r)e -r ^n-l(2»ra) r2w _ ldr 



(2irs)"- 1 
Therefore, 

g * q 1/i (w)ip k (2w)dw 



OO /"OO 



e- r2 g(r)e~ s2 J r l{ - 2n$ } L^^e^r^s^drds. 

Using Fubini, which is justified by our assumptions on g, and making 
use of the above identity (12.1.11) satisfied by Laguerre functions, we 
obtain 

roo r 2fc+2n-l i ^ 

g * q 1/4 (w)(p k (2w)dw = c n J g{r) e~^ r . 

This completes the proof of the lemma. □ 

Corollary 2.3. Let g be a radial function as in the previous the- 
orem. Further assume that \g * q\/^{z)\ < Clz^ 1 , for all 2^0. Then 
T g is bounded on J-"(C n ). 
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Proof. In view of the theorem we only need to check that the 
sequence 



k\(n- 1)! 



h(r)L n k -\2r 



-r 2 2n-l 



dr 



(k + n- 1)! 

is bounded where h(z) = g * qi/^z). Under the assumption on g * g x / 4 
this can be easily verified using the following estimates on integrals of 
Laguerre functions. 



k\(n- 1)! 



h(r)L n f l (2r 2 )e~ r \ 2n ~ l dr 



< c 



(k + n-l)\J 
k\(n - 1 



(k + n- 1) 



We define C 



n-l. 



TGlby 



n-l. 



k\(n- 1)! 
(fc + ra- 1)! 



1/2 



It follows from Lemma 1.5.4 in 1 26 1 that 



r 2 )r 



n-l. 



-r 2 /2 



when k is large. By Stirling's formula for large k 
By using the estimates above after putting (3 

fc!(n-l)! 



' (fc+n-1)! 

n — 2) we have 



kUn - 1 



< 



(k + n- 1)! 



/ i (r)Lr 1 (2r^)e- 

1/2 



n-l. 



r r 



n-2 



rdr 



fc -(„-l)/2^1/2+(n-2)/2 



This proves the lemma. 



□ 



2.2. Toeplitz operators and Fourier multipliers. A conjec- 
ture of Berger and Coburn [2] says that T g is bounded on jF(C n ) if and 
only if g * qiu is bounded. In this subsection we verify this conjecture 
when the symbol g(x+iy) depends only on y. In such the problem 

reduces to checking if a certain Fourier multiplier is bounded on L 2 (M. n ). 
As the Fock space is closely related to the weighted Bergman space 
associated to the Segal-Bargmann/heat kernel transform we consider 
Toeplitz operators on the space Bt(C n ) consisting of entire functions 
that are square integrable with respect to q t /2(y)dxdy where q t is the 
standard heat kernel on M n . By the results of Segal and Bargmann pQ 
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we know that F G Bt (C n ) if and only if F = f* qt for some / 6 L 2 (l 
and 



\F(x + iy)\ q t / 2 (y)dxdy = c n / \f(x)\ dx. 

Let g be a measurable function on C n such that gF belongs to 
L 2 (C n , q t / 2 (y)dz) whenever F G B t (C n ) and let T g be the associated 
Toeplitz operator. 

Theorem 2.4. Lei g(x + iy) = go(y) be as above. Then T g is 
bounded on B t (C n ) if and only if g * q t / 2 is bounded where the convo- 
lution is on M. n . 

Proof. When Fj = fj * q t G B t (C n ),j = 1, 2 Plancherel's theorem 
leads to 

/ F x (x + iy)F 2 {x + iy)dx = c n [ /i (£)!(£) e^ 1 * 'e^d^ 

JR n JR n 

Integrating the above with respect to g(y)qt/ 2 (y)dy we see that 



T g Fx(x + iy)F 2 (x + iy)q t/2 (y)dxdy = c n m t (£)/i (0h(0 d ^ 

JR n 

where 

mt(0 = e- 2 ^ 2 f e- 2 y<g (y)q t/2 (y)dy. 

JR n 

From this it is clear that T g is bounded if and only if m t defines a 
bounded Fourier multiplier on L 2 (R") which happens precisely when 
m t is a bounded function. An easy calculation shows that m t (l;) = 
go * Qt/ 2 {0 which proves the theorem. □ 

Remark 2.1. We can read out properties of Fourier multipliers 
mt(0 that correspond to Toeplitz operators from the work of Hille 
[14] . Indeed, when t = 1/2 which corresponds to the Fock space, the 
multilpier m and the symbol g are related via 



m(0 = (27T)-/ 2 / g (y)e-^ 2 dy. 
Assuming n — 1, let 

poo 

\g (y)\e-y 2+ ^dy < oo 



for some a > 0. Then if go(y) = YlkLo a k^k(y) is the expansion of 
g in terms of the Hermite polynomials H^, Hille [14J has proved that 
m (- 2 ) = YlkLo a ki^ z ) k f° r all 2 G C with \z\ < a. 
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3. Toeplitz operators on Hermite-Bergman spaces 

In this section we study Toeplitz operators on Hermite-Bergman 
spaces which are Segal-Bargmann spaces associated to the Hermite 
semigroup e~ tH . As in the case of Fock spaces we show that the trans- 
ferred operator e tH T g e~ tH is a pseudo-differential operator whose Weyl 
symbol is related to the heat flow of g. This leads to a conjecture 
similar to that of Berger and Coburn. By making use of Gutzmer's 
formula for Hermite expansions we identify certain special symbols g 
which lead to Hermite multipliers. 

3.1. Hermite-Bergman spaces. On M? n consider the weight func- 
tion U t given by 

U t (x,y) = 4"( s i n h(4t))- n / 2 e tanh(2 * )|a;|2 - coth{2 ' )l2 ' 12 . 

The Hermite Bergman space Ti,t(C n ) is the space of all entire functions 
F which are square integrable with respect to U t (x, y)dxdy. It is known 
that F G H t {C n ) if and only if F = e~ tH f for some / G L 2 (R n ) where 
e~ tH is the Hermite semigroup, see [3|. Moreover, 

/ \F(x + iy)\ 2 U t (x,y)dxdy = c n \f(x)\ 2 dx 

whenever F = e~ f. In the above the Hermite semigroup is defined 
by 

e- tH f=J2 e ~ (2H+n)t (f^^ 

where are the normalised Hermite functions which are eigenfunc- 
tions of the Hermite operator H = — A+\x\ 2 with eigenvalues (2|a|+n). 
See |25j for more about Hermite functions. 

An important tool in studying the above space is an analogue of 
Gutzmer's formula for Hermite expansions which we now proceed to 
state. Let n(x, u) be the family of unitary operators defined on L 2 (IR n ) 
by 

7r(x, u)<p(£) = e l(x - ?+ ^V(£ + y)- 

These are related to the Schrodinger representation of the Heisenberg 
group, see [21] and [7]. It is clear tt(z,w)F(^) makes sense even for 
(z, w) G C n x C n whenever F is holomorphic. However, the resulting 
function need not be in L 2 (M. n ) unless further assumptions are made 
on F. When F = $ a (or any finite linear combination of the Hermite 
functions) n(z, w)F(£) is indeed in L 2 (M n ) and using Mehler's formula 
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for the Hermite functions we can prove that 

where Q a ,a are the special Hermite functions which are expressible in 
terms of Laguerre functions. Gutzmer's formula says that a similar 
result is true for 7r(z,w)F(£) under some assumptions on F. 

In order to state Gutzmer's formula we need to introduce one more 
notation. Let Sp(n, R) stand for the symplectic group consisting of 
2n x 2n real matrices that preserve the symplectic form [(x, u), (y, v)] = 
(u ■ y — v ■ x) on M? n and have determinant one. Let 0(2n, M) be the 
orthogonal group and we define K = Sp(n, M) n 0(2n, R). Then there 
is a one to one correspondence between K and the unitary group U(n). 
Let a = a + ib be an n x n complex matrix with real and imaginary 



parts a and b. Then a is unitary if and only if the matrix A = 




is in K. For these facts we refer to Folland [7J. By a.(x,u) we denote 
the action of the correspoding matrix A on (x,u). This action has 
a natural extension to C™ x C n denoted by a.(z,w) and is given by 
a.(z, w) = (a.z — b.w, a.w + b.z) where a = a + ib. 

Theorem 3.1. For a holomorphic function F we have the following 
formula for any z = x + iy,w = u + iv^C n : 

[ [ \n(a.(z lW ))F(0\ 2 dad^ 

JR n J K 

- e^— ) p Uv)\\P k f\\l 

where f stands for the restriction of F to W 1 . 

In the above formula are the spectral projections of the Hermite 
operator defined by 

Pkf(x)= £</,$ a )$ a (a;) 

\<x\=k 

and 

are the holomorphically extended Laguerre functions of type (n — 1). 
The above formula means that if either the integral or the sum is finite 
then they are equal. Note that the sum is clearly finite when / = 
e -tHg f or some g g £ 2 (]R n ). We refer to |24j for a proof of the above 
formula. The characterisation of 7it(C n ) as the image of L 2 (IR n ) under 
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the Hermite semigroup e tH can be proved using Gutzmer's formula, 
sec [24|. The only other ingredient needed is the formula 

7^— ^1 / J*(2y, 2v)<p k (Xv, 2iv)dydv = e 2 ^ 
(k + n- 1)! J R 2„ 

where p t (y,v) stands for the heat kernel associated to the special Her- 
mite operator, see Section 4. 



3.2. Toeplitz operators on H t (C n ). Let P : L 2 (C n ) -> H t (C n ) 
be the orthogonal projection which is explicitly given by 

PF(z) — / F(u,v)K t (z,u + iv)U t {u,v)dudv. 

</R 2 ™ 

Here K t (z,w) is the reproducing kernel of TC t (C n ) defined by 
Using Mehler's formula we can show that 

where (z, w) is the standard Hermitian inner product on C n and z 2 = 
z\ + ... + z 2 etc. For a measurable function g on C n such that gK t (.,w) 
belongs to L 2 (C n ,dfi t ) for all w (we will refer to this condition as *), 
we define the Toeplitz operator T g on Ht{C n ) by 

T gf( z )= g(w)f(w)K s (z,w)dii s (w). 

By the condition (*), it is easy to see that T g is a densely defined 
operator on 7^ t (C n ). Another important consequence of (*) is that g*q s 
is well defined for < s < |sinh4t, where q s (x) = (Airs)~^e~^^ is 
the heat kernel corresponding to the standard Laplacian on IR n . In 
fact, it is a C°° function on C n . By using the semigroup property we 
get 

g * q s+r = (g * q r ) * q s , 

when < s + r < | sinh At. Now we find some necessary and sufficient 
conditions on g such that T g is a bounded operator. These conditions 
are given in terms of g * q s for < s < \ sinh At. In order to do this we 
transfer T g to L 2 (IR n ) and find the corresponding Weyl symbol of the 
resulting operator. 
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Following Folland [7J we define the Weyl pseudo-differential opera- 
tor on L 2 (R n ) with symbol a G S'{R 2n ) by 
(3.2.1) 

a(D, X)f(x) = (27r)-» / / a{\{x + yU)e<^f{y)dyd^. 

We recall that (see j7j) a(D,X) = W(a), where W is the Weyl trans- 
form and a is the Fourier transform of a tempered distribution. We 
define for a G S'(R 2n ) 

(3.2.2) a t (x, = (x(cosh(2t)x, - sinh(2t)£)- 
Note that a — *> Ot is an isomorphism on iS'(R 2n ). 

Theorem 3.2. Let T g , defined as above, be bounded. Then we have 
\\g * <?s||oo < c ( s )ll^9ll f or °W s G (g sinh4t, | sinh4t). Conversely, if 
we assume that \\g * q s \\oo < oo for some < s < |sinh4t, then T g is 
bounded. Moreover, we have 

\\T g \\ < c(s)\\g * qsW^. 

Proof. First let us assume that T g is bounded. For isinh4t < 
s < \ sinh At the proof is trivial. We look at the Berezin Transform of 
T g defined by (see [7]) 

(3.2.3) f g (z) = (T 9 k z ,k z }n t . 

It is easy to check that T g (z) = g * qi sinh4t (z). Here k z (w) = J^?' Z ^ ^ s 

the normalized reproducing kernel. In fact, even if T g is not bounded 
the Berezin transform is well defined because of the condition (*) and 
it is the same as above. By applying Cauchy-Schwarz inequality to 
( 13T2T31 we get 

(3-2.4) \9*Qi**At(z)\ < \\T g \\, zeC n . 

So, by the semigroup property, when < s < | sinh 4t we get g * 

Qs+l S mhAt( z ) = {9 * ^isinhJ * Qs(z) and 

(3-2.5) \\g * g s+ i sinh4 Joo < c(s)\\T g \\, 

4 

where c(s) is independent of g. For proving the estimate for the other 
half of the interval in the statement of the theorem, we make use of the 
boundedness of the operator e tH T g e~ tH on L 2 (R n ). Let e tH T g e~ tH = 
W(a t ) for some a G S'(R 2n ). 

In order to find the explicit form of at we calculate the Berezin 
transform of T g in terms of a. By using (13.2.11) an easy computation 
shows that 

(T g k z ,k z ) Ht = (e- tH a t (D,X)e tH k z ,k z ) Ht , 
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(3.2.6) (a t (D, X)e tH k z , e tH k z ) L 2 {Rn) = a * qi sinhAt (z). 

a 

By equating (I3.2.3|) and (13.2.61) we get 

(3.2.7) g * qi iSinhu (z) = a * qi sinh4t (z), z E C n . 

Given that g satisfies (*) and a E S'(M 2n ), for a fixed z E C n it is 
easy to check the following two facts : (i) s — > g * q s {z) extends as a 
holomorphic function to the domain 

1 1 

D x = {C E C : |C - -sinh4t| < -sinh4t} 

and (ii) s — > cx*q s (z) extends as a holomorphic function to D2 = {( E 
C : > 0}- By using the above two facts we get that g*qi sinh4t *q s = 

8 

a * q s for all < s < | sinh4t. Now taking the limit s — > we get 
<rt(x,y) =g* gi sinh4t (cosh(2t)x, -sinh(2t)y). 

Using the fact that B(L 2 {R n )) is the dual of the space of all trace 
class operators, we get the following: 

(3.2.8) IM^(/)^(^))l<ll^llll^(/)lk 

for all / E L 2 (C n ) such that W(f) is trace class. In particular, (13.2.81) 
holds for all / in Schwartz class. It is easy to compute that 

(3.2.9) tr(W(z)W(f)W(z)*W(d t )) = f * a t (z) 

for all z when / E S(R 2n ) and a E ^(IR 2 ™). If we choose / in f[3~279|) 
such that f(w) = q tl (u)q t2 (v),w = u + iv where t\ = scosh2t, t 2 = 
ssinh2t and z = (cosh2t) _1 x + i(sinh 2t)~ 1 y we get 

tr(W(z)W(f)W(z)*W(a t )) = a * q s (x + iy) 

for all s > 0. By (l3~2~8l) 

\a * q s (x + iy)\ < c(s)\\T g \\, 

where a = g * qi sinh4 i and this implies 

(3.2.10) |( 5 * qi sinh4t ) * q s (x + iy)\ < c(s)\\T g \\ 

for all z E C n . Finally, the boundedness of T g implies that 

\\g * q s \\oo < c{s)\\T g \\ 

whenever s > | sinh At. 

Conversely, let \\g * q s \\oo < 00 for some < s < |sinh4t then 
proceeding as in Berger and Coburn [2] 

H *!!* = ^\ti\ + \P\<2n+l\\D^D^a t \\oo < 00, 
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where a = g * qi sin h4t- Now we can appeal to Theorem 2.73 in [7] 

8 

by which a t (D,X) is bounded with ||o" t (D,X)|| < ||er t ||*. The Berezin 
symbol of e~ tH a t (D, X)e tH (see <K2M and (E23D) is given by 

(e~ tH cr t (D,X)e tH J(z) = a * qi shlhu (z) = g * qi sinh4t (z) 
which implies that 

f g = (e- tH a t (D,X)e tH r. 

Hence by the uniqueness of the Berezin transform T g = e~ tH cr t (D, X)e tH . 
Therefore, the boundedness of a t (D,X) implies that ||T g || < \\(Tt\\*- As 
shown in [2] we have ||ot||* < c(n, s)\\g * q s \\oo- Hence the theorem is 
proved. □ 

Remark 3.1. The above theorem is the analogue of Theorems 11 
and 12 in [2]. As in [2] we conjecture that T g is bounded if and only 
if g * q± sinh 4t i s bounded. We have a class of symbols supporting this 
conjecture, see Section 3.3 

3.3. Hermite multipliers and Toeplitz operators. In this sub- 
section we are interested in finding a necessary and sufficient condition 
on the symbol g so that e tH T g e~ tH is a Hermite multiplier. Using the 
fact that W(a) is a function of the Hermite operator if and only if the 
symbol a is a radial distribution we get the following result. 

Theorem 3.3. Given T g on H t (C n ) the operator e tH T g e~ tH is a 
Hermite multiplier if and only if g * qi sinh ^(cosh(2t)y, — smh(2t)v) is 

a radial function on M 2n . 

Corollary 3.4. Let g be as in the theorem. Then T g is bounded 
on ?it(C n ) if and only if the sequence 

kUn-lV f 

77— 7T7 / 9 * 9i s inh(4t)( cosn ( 2 *)2/> ~ smh(2t)v)f k {2y, 2v)dydv 

(k + n-l)\ J R 2n s v ; 

is bounded. 

Example 3.1. An example of symbol satisfying the condition given 
in Theorem 3.3 is provided by g(y,v) = e Q ' y ' +/3 ' t '' under suitable con- 
ditions on a and (3. A simple calculation shows that 

a coth(2t) sinh(4t) i |2 tanh(2t) sinh(4t) i |2 

g * gi sinh(4t) (cosh(2t)?/, -sinh(2t)w) = e ^^H^) If I e 2=w^sm m 

and hence g * qi sinh ( 4 ^(cosh(2t)y, — sinh(2t)t>) is radial if and only if 

acoth(2t) ^tanh(2t) 
2 - a sinh(4t) ~ 2 - (3 sinh(4t) ' 
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After simplification we get the condition a coth(2t) — (3 tanh(2t) = a(3 
which is necessary and sufficient for the radiality of the function 

9 * g| sinh(44) (cosh(2t) z/ , - 8 inh(2t) V ), g(y,v) = ^vl a +/W\ 

When the above condition is verified, by Corollary 3.3 the operator 
T g is bounded on 7i t (C n ) if and only if the sequence 



k\{n- 1)! 



* coth(2t) sinh(4i) |2 _j_ | \2\ 

2-asinh ( «) W +\ v \ >(p k (2y,2v)dydv 



(k + n-l)\ 

is bounded. Again, by repeating the method in the Theorem 1.1 this 
is equivalent to the boundedness of the sequence 

C" 



(k + n-l)\ 

A I |2 \Z\ _IU|2 , / 1 + A 

e 1+A ' 1 Vri-e 2 1 1 dz 
k\2 k 

where A = ac ° th ( a )^ in M 4f ) - Thus the condition for the boundedness of 
T g reduces to < 1 or 3?A < 0. In terms of a the condition reads 
as |a| 2 sinh(4t) - 2Ka > 0. So, the necessary and sufficient condition 
for Tg to be bounded is the boundedness of g * 91 S i n h(4t) ■ It is worth 
comparing this example with a similar example given in [2]. 

The condition in Corollary 3.3 on g is not easy to check. However, 
using Gutzmer's formula we can get a sufficient condition in a more 
convenient form for certain special class of symbols. Consider radial 
functions h(y, v) on M? n for which 



(3.3.11) / h(y,v)e lyl +H (\y\ 2 + \v\ 2 ) k/2 < 00 
for all fceN. Define a function g by the equation 

(3.3.12) g(£,v)U t (£,v) = [ e- 2y <h(y,v)dy. 



Theorem 3.5. Suppose g is given by 113. 3.1ty) where h satisfies 
\3.3.11\) . Then we have e tH T g e~ tH = m t (H) where 

m t (2k + n)= e ~^n)t_\ )_ / %? v ^ 2 iy, 2iv)dydv. 

(k + n- 1)! y R 2n 

Consequently, T g is bounded on Ht(C n ) if and only if \m t {2k + n)\ < C 
for all fceN. 
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Proof. As we mentioned we prove this theorem by using Gutzmer's 
formula. Indeed, polarising Gutzmer's formula we obtain 

/ / n(k.(iy, iv))F 1 (£)n(k.(iy, iv))F 2 (Z)d£dk 
J k Jm. n 

t (tlV-V ""^'^'^^ 2iv) 



k=0 
-tH 



where Fj = e fj,j = 1,2 are from H t (C n ). Integrating the above 
identity with respect to h(y,v)dydv we obtain 



/ 




7i(k.(iy, iv))Fi(^)n(k.(iy, iv))F 2 (£)h(y, v)d£dkdydv 



' K 



j^l i-Un — i v r 

EtTT fee- 2t ( 2fc+ ")(P fe / 1 ,/ 2 ) / h(y,v)<p k {2iy,2iv)dydv. 

t^Ak + n-iy. J R2n 



k=0 

When the function h is K invariant, 



/ / 



71 



(k.(iy, iv))F 1 (^)TT(k.(iy, iv))F 2 (g)h(y, v)d£dkdydv 



ir(iy, iu)Fi(^)7r(ij/, iv)F 2 (£)h(y, v)d£dydv. 



!n ./ran 



Recalling the definition of ir(iy, iv) the above integral can be rewritten 

as 



'■n ./TO" 



+ iv)F 2 (i + iv)e- 2y< h(y, v)d£dv. 

Suppose now g(£,v) satisfies the equation 

g(t,v)U t (t,v)= [ e- 2 y<h(y,v)dy 

and m t {2k + n) is defined by 

m t (2k + n) = e -«(2 fc+ n) fcK"-l)! f h {y,v)tp k (2i y ,2iv)dydv. 

(k + n- 1)! J R 2n 



Then it is clear that we have obtained 



Fi(£ + iv)F 2 (£ + iv)g(Z, v)U t (£, v)d^dv 



= ^m t (2fe + n)(P jb / 1) / 2 ) 

fc=0 

which simply means that (T g Fi, F 2 ) Ht = (m t (H)fi,f 2 ) L 2 where 

oo 



k=0 
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is the Hermite multiplier. Thus the boundedness of the Toeplitz op- 
erator T g on 7i t (C n ) is equivalent to the boundedness of m t (H) on 
L 2 (R n ). " □ 

Remark 3.2. In the above proof of sufficiency we have not used 
Theorem 3.3 but the condition stated in that theorem can be verified. 
Indeed, when g satisfies the equation (13.3.121) a simple calculation shows 
that 

9 * gi S inh(4 t )(cosh(2t)x, - sinh(2t) 2 /)e tanh ^^'l 2+ l^ 2 ) 

/l (^ u ) e tanh(2 i )(| 5 P + |,p) e -^ T (x. ?+ ,.,)^ 



from which it is clear that g * qi Binh ^(cosh(2t)x, — sinh(2£)y) is radial 
whenever h(£, v) is radial. The above equation also suggests a relation 
between g and h. 

Remark 3.3. The radiality of the function 

9 * <?|sinh(4t)( cosh ( 2 ^, - smh(2t)y) 

is not equivalent to the factorisation given in (13.3. 12j) . Indeed, consider 
the symbol g(x,y) = e"^' +/3 ' y ' considered earlier with the conditions 
acoth(2t) - /?tanh(2t) = af3 and dt(a) < |(sinh(2t))~ 1 . If there exists 
a function h such that 

g(£,v)U t (Z,v) = [ e- 2 ^h(y,v)dy, 

then we have the relation 

9(k,v)U t (k,v)= [ e-^h(y,v)dy. 

This leads to the equation 

e -k(teM*)^)\v\ 2 e -^m-fS)M' = f e - l ^h(y,v)dy. 

By Fourier inversion we see that 

h(y,v) = c e- t anh C2t) + a l^l 2 e -(coth(2t)-/3)| v p 

which is not radial in general. 
Remark 3.4. Since 

U t (S,v) = Ct [ p 2t (2y,2v)e- 2 y<dy 

the equation (13.3. 12j) is equivalent to 

g{t,v) = / g 1 (y,v)e~ 2y< dy. 
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Indeed, if g satisfies the above equation, then the function 
h(v> v ) = / 9i{y~ u, v)p 2t {2u, 2v)du 

satisfies 

f h(y,v)e- 2 y<dy = g^,v)U t ^,v) 
Jw. n 

as can be easily verified. Thus for such symbols Theorem 13.51 is valid. 

4. Toeplitz operators on Twisted Bergman spaces 

In this section we take up the study of Toeplitz operators on twisted 
Bergman spaces which are Segal-Bargmann spaces associated to the 
special Hermite semigroup e~ tL . These spaces arise naturally in the 
study of Segal-Bargmann transform on the Heisenberg group, see |15j . 
We show that e tL T g e~ tL is a Weyl multiplier if and only if the symbol 
g(x + iy,u + iv) depends only on (y, v). By means of Gutzmer's formula 
we study boundedness of T g which correspond to multipliers for special 
Hermite operators. 

4.1. Twisted Bergman spaces. By the term twisted Bergman 
spaces we mean the Hilbert space of entire functions F(z, w) on C 2 ™ 
which are square integrable with respect to the weight function 

W t (z } w) = e^~ v ^p 2t (2y, 2v) 

where 

p t (y,v) = c n (sinh(2t))- n e"3 coth ( 2 *)(lfl 2 +l"l 2 ) 

is the heat kernel associated to the special Hermite operator L, see 
|23j . Thus the special Hermite semigroup e~ tL is given by e~ tL f = 
f x p t , the twisted convolution of / with p t . These spaces, denoted 
by £> t *(C 2n ), arise naturally in the study of Segal-Bargmann transform 
on the Heisenberg group [15] . The following result proved in [15] 
characterises £> t *(C 2n ). 

Theorem 4.1. An entire function F on C 2n belongs to B^(C 2n ) if 
and only if its restriction to M 2n is of the form e~ tL f(x,u) for some 
f E L 2 (lR 2n ). Moreover, the norm of F in B* t (C 2n ) is the same as the 
norm of f in L 2 (R 2n ). 

Another proof of this was found in [22] which is based on the fol- 
lowing Gutzmer's formula for the special Hermite expansion. Recall 
that <pk(x,u) = fk( x + i u ) are the Laguerre functions of type (n — 1) 
introduced earlier. They extend to entire functions on C 2 ™ and are de- 
noted by fk( z , w)- The twisted convolutions / x <p h are the projections 
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onto the k-th eigenspace of L and the special Hermite expansion of an 
/ G L 2 (R 2n ) is written as 



k=0 

where the series converges in L 2 . The heat kernel pt associated to the 
special Hermite operator can also be written as 

oo 

Pt(x,u) = (2n)- n Y,e- (2k+n)t Mx,u). 

k=0 

Theorem 4.2. For any F e 0(C 2n ) we have 

e {u - y - v - x) \F(a(x + iy,u + iv))\ 2 dxduda 

K 

E x k\(n — 1)\ ,, „ ll9 
(k \ [ v \\f^^\\lM^y,2tv), 

k=0 ^ >' 

where f is the restriction of F to 



p2n 



Clearly when F = e tL f the above formula holds. So, Theorem 4.1 
easily follows from Gutzmer's formula once we have the identity 

(4.1.1) / p 2t (2y, 2v)M^y, 2iv)dydv = ^—^l e ^+n)2t_ 
J R 2n k\(n - 1)! 

This has been proved in [22], see Lemma 6.3. The following extension 
of this result is needed for the study of Toeplitz operators. 

Lemma 4.3. 

f ( ) 

(4.1.2) / e ^2 p t (x-y,u-v)ip k (iy,iv)dydv = (p k (ix,iu)e i2k+n)t . 



Proof. Recall that the symplectic Fourier transform / of a func- 
tion / is defined by f(x, y) = f(h(—y, x)). We know that ip^s are eigen- 
functions of the symplectic Fourier transform with eigenvalues ( — l) fc , 
i.e. 

(2tt)-" f ^rfie^^^dtdr] = (-l)V(y,«)- 

JR 2n 

The above equation remains true even if we replace (y,v) by (iy,iv). 
So we get 

(4.1.3) (2n)- n [ M^v)e~ iR ^ 1 d^dr ] = (-l) k <p k (iy,iv). 
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Now putting ( 14.1.3P in (14.1.21) and by using Fubini's theorem we get 
(-l) fc / f e'-^^e-^-y^-^e-'-^^ 



= (-l) k / e^e-^^ 2+ ^ 2 MC,v)dCdv. 
Now look at the function 

F(t)= [ e^e-^^r«^<p k (Z,rj)dZdn. 

If we replace t by z with \Qz\ < it/2, it is easy to see that the integral 
converges absolutely. In fact, F can be extended as a holomorphic 
function to the strip \$sz\ < 7r/2 containing the real line. Consider 

F{-t)= [ e^e^ u -^ 2+ ^ 2 M^v)^d V 

which after using 

reads as 

F(-t)= [ e^e-^^ 2+ « + »)V,(e,r/)^. 



This is nothing but the twisted convolution of ipk with p t at (iu, ix). It 
is easy to calculate F(—t) by recalling 

oo 
k=0 

Using the above along with the fact that x <pj = c n 5j±^Pk we get 

F(-t) = (-l) k e-( 2k+n »<p k (ix,iu). 

The right hand side of the above equation is also a holomorphic function 
oft and both sides agree on the negative real axis. Therefore, they agree 
everywhere and changing t into —t we get the lemma. □ 

Note that when x = u = this lemma reduces to fl4.1.ip as 
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4.2. Toeplitz operators and special Hermite multipliers. In 

this subsection we get some necessary and sufficient conditions for the 
boundedness of T g on £> f *(C 2n ) for a special class of symbols, by making 
use of Gutzmer's Formula for the special Hermite expansion. First 
note that by Theorem 4.1 e~ tL § a ^(z, w) = e~^^ +n ^^ a ^(z,w) form 
an orthonormal basis for £> t *(C 2n ). We denote e~ tL <& a ^ by <p a ^ in this 
section. Consider a measurable function g on C 2n for which 

(4.2.4) / \g(z,w)(j> at p(z,w)<l>^ v (z,w)\W t (z,w)dzdw < oo. 

JC 2n 

Now we can define a densely defined bilinear form on £> t *(C 2ri ) by 



(T g (f)a,(3, <?W)b*(c 2 ™) '■= / g(z,w)(f) a ,f3(z,w)(f) ll , u (z,w)Wt(z,w)dzdw. 

Jc 2n 

These are nothing but the matrix entries of T g . We consider special 
symbols g for which the above densely defined bilinear form becomes 
a diagonal form. Such symbols are provided by functions of the form 
g(x + iy,u + iv) = go(y, v) where go is a radial function on M. 2n . 

THEOREM 4.4. Let g be as above and satisfy (4-2.4)- Then T g is 
bounded if and only if the sequence 

k\(n — \)\ r 

e -(2k + n)2t_± )_ / go ( yjV ) p2t (2y,2v)<p k (2iy,2iv)dydv 

(k + n- ly. J R 2n 

is bounded. 

Proof. Clearly (T g <p a> p, ^^b^c 2 ™) is well defined for all (a, (3) and 
(//, v). As done in Section 3.3 we can polarize Gutzmer's formula to 
obtain 

/ / e {u/y ~ v - x) e- tL f\{a{x + iy,u + w))e- tL f 2 {o-{x + iy,u + iv))dxdudo- 

= Z2 (k + n- l)\ e ~ i2k+n)2t ^ 1 X iPk ^ 2 X VklL^^kiUy^iv). 
When fx = $ a ;/3 and f 2 = the above identity reduces to 

(4.2.5) / / e^ y - v - x UaA^^))J^(a(z,w))dxduda 

Jr 2 " Jk 

°° ! (n 1 1 ! 

= Yl r l ~_ N, e ~ (2j ' +n)2t x (pj,^ x Vj ) L 2 (R 2 n)Vj {2ty,2tv) 
= M^ |^| e-^(ay, 2iv), 
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where \/3\ = k. Writing the matrix coefficients explicitly 



(Tg<f> Oh 0,^)Bt(C^)= / g (y,v)(j) a ^(z,w)(f) fl>u (z } w)W t (z,w)dzdw. 

Jc 2n 

The above integral converges absolutely. Now, replace (z, w) by a(z, w) 
where a G K. Since go(y, v)W t (z, w)dzdw is invariant under the action 
of K we get 

(T g (f) a ,f3, 4>^v)B*(C 2n ) 




9o{y, v)<fiaA a ( z i w )) ( P^A cr ( z ^ w))W t (z, w)dzdwda. 

Ik Jc 2n 

The integral converges absolutely and hence by applying Fubini's the- 
orem and using (14.2.51) we get 



fc!(w-l)! (2k+n) 2t 



./<»>'./<- t-t ( / g (y,v)p2t(2y,2v)<p k (2iy,2iv)dydv, 

[k + n — lj! 

where \(3\ = fc. Thus the operator T g is diagonal in the basis 

and the theorem follows. □ 

Let h be a radial measurable function on M 2 ™ and assume that 
(4.2.6) f \h(y,v)\e s{M2+M2) dydv < oo 

for all s > 0. Consider the symbol defined by 

g(x + iy,u + iv)p 2t (2y, 2v) = h x p 2t (2y, 2v). 

Corollary 4.5. In the above theorem let g be as above with h 
satisf ying \4.2.b]j . Then T g is bounded if and only if the sequence 

k\{n - 1)! 



(Jfe + n-1)! 

is bounded. 



h(y,v)ip k (iy } w)dydv 



i2h+n)2t / 9o(y, v)p 2t {2y, 2v)(p k (2iy, 2iv)dydv. 



Proof. As h and p t are both radial, so is go(y, v) = g(iy, iv). Hence 
by Theorem 4.4 we know that T 9 is bounded if and only if 

fc!(n-l)! 
(k + n-1) 

As g(iy,iv)p 2 t(2y,2v) = h x p 2 t(2y,2v) the above simplifies to 

( 4 - 2 - 7 ) o4 } —e-^ 2t / h x p 2t (2y, 2v)<p k (2iy, 2iv)dydv. 

(A; + n-l)! y R 2n 
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Because of (14.2.61) we can use Fubini's theorem to change the order of 
integration. By Lemma 4.3 we have 

/ p 2t (x -2y,u- 2v)e i ^y- v - x ^ k (2ty } 2w)dydv = e^ 2k+ ^ 2t if k (tx, iu). 

Using this in (14.2.71) we obtain the corollary. □ 

From now on let us assume that g is a measurable function on C 2 ™ 
such that j c2n \g(z,w)(fi at i3(z,w)\ 2 Wt(z,w)dzdw < oo for all a, (3. We 
will refer to this condition as (**). Note that the condition (**) on g 
implies that it belongs to 

L 2 (c 2n )e ( U . y -,.,) e -^^ e (-coth2 t+ I)(],] 2+ |,| 2 )^ ) _ 

For such symbols the Toeplitz operator on B^(C 2n ) is defined by T g (f) : = 
P(gf) where P is the orthogonal projection from L 2 (C 2n ,W t ) onto 
£>£ (C 2n ). We study the class of symbols g for which T g is bounded and 
e tL T g e~ tL is a right Weyl multiplier, i.e. W (e tL T g e~ tL f) = W(f)M t 
for some M t G B(L 2 (R 2n )). 

Before proving the next theorem we prove a lemma which will be 
used. Let 

V t (z,w) = e (."-y-v.x) e - ^ 2 + ^ e (-coth2t+±)(\y\ 2 + \v\ 2 ) 

and consider the measure dr(z,w) = V t (z,w)dzdw, where dzdw is the 
Lebesgue measure on M 4n . Let P(lR 4n ) be the set of all polynomials on 
M 4 ". Note that P(M 4n ) C L 2 (C 2n , dr(z, w)). 

Lemma 4.6. V(R 4n ) is dense m L 2 (C 2n ,dr(z,w)). 

Proof. By abuse of notation let us denote any polynomial p G 
"P(lR 4n ) by p(z,w). As the weight function V t (z,w) corresponding to 
dr is nowhere vanishing, it is enough to show that the linear span of 
p(z,w) (y t (z,w)) 1 ^ 2 is dense in L 2 (C 2n ). More precisely, if there exists 
g e L 2 {C 2n ) such that 

(4.2.8) / g(z,w)p(z,w) (V t (z,w)) 1/2 dzdw = 

for all p G "P(lR 4n ) then we need to show g = 0. Now suppose that 
there exists g satisfying (14.2.81) . It is easy to see that by completing 
the square in Vt(z,w) (14.2.81) can be rewritten as 
(4.2.9) 

/ g{z-v , w+y)p(z-v, w +y)e~^^ 2+ ^ 2) e'^ 2 ' 1 ^ 2+ ^dzdw = 
Jc 2n 
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for all p G V(M. 4n ). If we let g(z, w) = g(z + v,w — y) then it is clear 
that g G L 2 (C 2n ) whenever g G L 2 (C 2n ) and ||g||L 2 (c 2n ) = IMIl^c 2 ™)- 
So, it is enough to show that g = 0. The equation (4.2.9) means that 

^^^^(^^e-^l^^l-^e-^^^I^H 2 )^ = 
for all q G P(M 4n ). As the linear span of functions of the form 



-a(M 2 4>l 2 )p- coth 2 2t ~ 1 (l3/l 2 +M 2 ) 



qyz, w)e 

is dense in L 2 (C 2n ) the last equation implies g = proving the lemma. 

□ 

Theorem 4.7. Let a Lebesgue measurable function g on C 2n satisfy 
(**) and let T g be the corresponding Toeplitz operator on £> t *(C 2n ). Then 
T g = if and only if g = a. e. 

Proof. When g = a.e. clearly T g = 0. Conversely, let T g = 0. 
We need to prove that g = a.e. By using the explicit form of the 

z 2 +w 2 

functions (fi a ^ namely, (p a ^(z,w) = P a ^(z,w)e « , where P a ^ are 
holomorphic polynomials on C 2n of degree |a| + \/3\ the condition (**) 
takes the form 

\g(z, w)P a fi(z ) w)\ 2 V t (z, w)dzdw < oo 

for all oe,/3. The above also implies that g G L 2 (C 2n ,Vt(z,w)dzdw) 
in particular. In view of the previous lemma, proving g = a.e. is 
equivalent to proving that 



(4.2.10) / g(z,w)p(z,w)V t (z,w)dzdw = 

Jc 2n 

for all p G V(M. 4n ). The assumption T g = gives us for all a, (3, /x, z/ 



(T g <j) ai p, 0^)i3*(c 2 ") = / v)(j>aA z ' w)dzdw = 0. 

Jc 2n 

Again by using the explicit form of we get 



g(y,v)P aj/3 (z,w)P^ u (z,w)V t (z,w)dzdw = 0. 

We claim that for every a,/3, the monomial 2 a tw' 3 belongs to the 
linear span of {P jU)I/ (^r, w) : + = \a\ + |/3|}. This claim would 
then prove (14.2.101) which in turn would prove g = a.e. In fact, once 
we have the claim (14.2.101) will be true for all polynomials of the form 
p(z, w) = z a w^z fl w l/ which in turn will prove (14.2. 10p for all monomials 
x a y /3 u' 1 v l/ and hence for all polynomials. Returning to the claim it is 
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sufficient to prove it for z,w purely real. We know that the special 
Hermite functions Q^ v (x,u) give all the eigenf unctions of the dilated 
Hermite operator #(1/2) = - A + l(|x| 2 + |u| 2 ) on R 2n . (see [25]) More 
precisely, 

#(1/2)$^ = (|/i| + \v\+n)$w. 

If H a ^(x, u) stand for the (ordinary) Hermite polynomials on M 2n 
(adapted to #(1/2)) then it can be written as a linear combination 
of P^ u (x,u) with + \u\ = \a\ + It is well known that x a vP can 
be written as a linear combination of and hence as a linear com- 
bination of P^ v as well. Thus g is orthogonal to all polynomials in 
L 2 (C 2n , Vt) and this proves the result. □ 

We now characterise all the symbols g for which e tL T g e~ tL reduces 
to a Weyl multiplier. For this characterisation we need to consider 
symbols g so that g a)b (z,w) := g(z + a, w + b) satisfies condition (**) 
for all (a, b) G R 2n . 

Theorem 4.8. Let g a>b satisfy (**) for all (a, ft) G R 2n and let the 
corresponding T g be a bounded operator on B* t (C 2 ™). Then e tL T g e~ tL is 
a right Weyl multiplier if and only if g(z,w) = g(iy,iv). 

Proof. Let us first assume that T g is bounded and corresponds to 
a right Weyl multiplier M t . As proved in [3] we know that M t = W(a), 
for some a G iS'(M 2n ). Therefore, we have 

(4.2.11) e tL T g e- tL f = f x a, 

for all / G L 2 (R 2n ). Recall that the twisted translations of functions 
on M 2n are defined by 

r(o, b)f{x, u) := e- i/2{a - u - b - x) f(x -a,u-b), (a, b) G R 2n . 

Clearly, r(a,b) is a unitary map on L 2 (IR 2 ™). It is easy to check that 
r(a,b)f x g = r(a,b)(f x g) when f,g G L 2 (IR 2 "). This implies that 
e tL T g e~ tL commutes with twisted translations (see (14.2.111) ). As e~ tL f = 
f x p t , e~ tL f is equivariant under twisted translations. By using the 
fact that e~ tL is a unitary map from L 2 (R 2n ) onto £> t *(C 2n ) and its 
equivariance under twisted translations, we get that 

(r(a,6)F,r(a,6)G) B . (C 2n) = (F,G) B ;(c*") 

for all (a, b) G R 2n and F, G G B* t (C 2n ). (Here, r(a,b) on B* t (C 2n ) is 
the natural extension to holomorphic functions.) 

We will now show that g(z,w) = g(iy,iv) a.e. In view of Theorem 
4.7 and the hypothesis on g a b it is enough to show that 

(T g (f> a ,i3, </v)b!(c 2 ») = {T 9a _ b (p a ^A^u)B*{c 2n ) 
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for all (a, b) and a, /3, /x, v. But this can be easily shown to be true. 
Indeed, by making the change of variable (z, w) — ► (z + a, w + b) in 
the equation 

(T g r(a, 6)0o,/3, r(a, b)<p^ v ) B * {C 2 n) = 

/ g(z, w)r(a, b)(f) aj p(z, w)r(a, b)<fi^ u (z, w)W t (z, w)dzdw 
Jc 2n 

it is easy to see that 

(T g r(a,b)(j) a)l 3,T(a,b)(j)^ v ) B ^c 2n ) = (Tg atb <j> a ,j3, <?W)s!(c 2 ")- 
Therefore, it is enough to show that 

(4.2.12) (T g (f) a> p, (J)^u)buc 2 ") = ( T g T ( a , b)(f> a ,f3, r(o, &)^„)h*(C3») 

for all (a, b) G M 2n and multi-indices (a,/3) and (//, ^). In other words, 
we need to show that T 9 commutes with twisted translations, which is 
immediate as e tL T g e~ tL commutes with twisted translations and e~ tL 
is equivariant under them. This proves the first part of the theorem. 

Conversely, assume that g(z,w) = g(iy,iv) and T g is bounded. 
Clearly, 

for all (a, b) G M 2n . As shown earlier, this implies that 

(T g 4> a ,f3,(j)^u)B*(C 2 ™) = (^3 r ( a ' & ) < / , ",/3' r ( a ' & )^^)e t *(C 2 ")- 

So, T g commutes with twisted translations. Again, as shown before 
e tL T g e~~ tL commutes with twisted translations as well. This means that 
there exists a G 5'(lR 2n ) such that 

e tL T g e~ tL f = fxa 

for all / G L 2 (lR 2n ). When we take the Weyl transform on both sides 
we get W (e tL T g e~ tL f) = W(f)W(a). As T g is bounded, this proves 
that e tL T g e~ tL is a right Weyl multiplier. □ 

5. Toeplitz operators associated to symmetric spaces 

Segal-Bargmann spaces associated to Riemannian symmetric spaces 
have been studied by Hall [10J, Stenzel [19] and Krotz et al [16J. The 
situation of non-compact symmetric spaces is much more complicated 
whereas the compact case is well understood as a weighted Bergman 
spaces. In both cases we have Gutzmer's formula using which we can 
study Toeplitz operators that correspond to Fourier multilpiers on the 
underlying group. In this section we study such operators in the case 
of compact symmetric spaces, extending some results of Hall [12] . the 
case of noncompact Riemannian symmetric spaces will be taken up 
elsewhere. 
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5.1. Lassalle-Gutzmer formula. Consider a compact symmet- 
ric space X = U/K where (U, K) is a compact symmetric pair. We may 
assume that K is connected and U is semisimple. We let u = t+p stand 
for the Cartan decomposition of u and let a be a Cartan subspace of p. 
Functions / on X can be viewed as right K— invariant functions on U. 
If 7r G U then it can be shown that f(n) =0 unless n is K— spherical, 
i.e., the representation space V of n has a unique K— fixed vector u. 
It then follows that f(Tr)v = (v,u)f(ir)u for any v G V which means 
that f(n) is of rank one. Let Uk stand for the equivalence classes of 
K— spherical representations of U. Then there is a one to one corre- 
spondence between elements of U K and a certain discrete subset V of 
a* called the set of restricted dominant weights. 

For each A G V let (ir\,V\) be a spherical representation of U of 
dimension d\. Let {vj, 1 < j < d\} be an orthonormal basis for V\ 
with Vi being the unique ii'-fixed vector. Then the functions 

<p}(g) = Mg)vt,v}) 

form an orthogonal family of right K— invariant analytic functions on U 
and we can consider them as functions of the symmetric space. When 
x = g.o G X, we simply denote by <fj(x) the function ifij(g.o). The 
function ip± (g) is K biinvariant, called an elementary spherical function. 
It is usually denoted by ip\. The Fourier coefficients of / G L 2 (X), are 
defined by 

fjW = / f(x)cp$(x)dm (x) 
Jx 

and the Fourier series is written as 
Then the Plancherel theorem reads as 




Let Uc (resp. Kq) be the universal complexification of U (resp. 
K). The group K c sits inside Uc as a closed subgroup. We may then 
consider the complex homogeneous space X c = Uc/K c , which is a 
complex variety and gives the complexification of the symmetric space 
X = U/K. The Lie algebra Uc of Uc is the complexified Lie algebra 
Uc = u + iu. For every g G Uc there exists u G U and X G u such that 
g = uexpiX. Let Q be any U invariant domain in Xc and let 0(Q) 
stand for the space of holomorphic functions on Q. The group U acts on 
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0(0) by T(g)f(z) = f(g~ 1 z). For each A G V the matrix coefficients 
ip^ extend to Xq as holomorphic functions. When / G 0(Q), it can be 
shown that the series 



AGP j=l 

converges uniformly over compact subsets of Q. The above series is 
called the Laurent expansion of / and we have the following formula 
known as Gutzmer's formula for X. 

Theorem 5.1. For every f G 0(X c ) and H G ia, we have 

I \f(g.eMH).o)\ 2 dg = J2dx (f^\f 3 W\ 2 ) V?A(exp(2tf ).o). 
Ju xev \j=i ) 

This theorem is due to Lassalle, see |17] and |18] for a proof. This 
formula has been used by Faraut [5] to give an elegant proof of a theo- 
rem of Stenzel |19] on the Segal-Bargmann transform for the compact 
symmetric space X. The second author has used the same to study 
holomorphic Sobolev spaces in 



5.2. Segal-Bargmann transform on X. Let A stand for the 
Laplace-Beltrami operator on X suitably shifted so that its spectrum 
consists of | A + p\ 2 where A G V and p is the half sum of positive roots 
(see Faraut |5J). The solution of the heat equation associated to A 
with initial condition / G L 2 (X) is given by the expansion 



x 



U (x,t) =Y, d * e ~ tlx+Pl2 \ Y,fr( x ^. 

xev 

By defining the heat kernel 74 by 

7*(z) = E^ e ~ t|A+p|2 (E^oo 

xev 

the solution can be written asu(g,t) = f * 7t(g) where the convolution 
is taken on U. For / G L 2 (X) it can be shown that the solution u 
extends to Xq as a holomorphic function. The map taking / into 
u(z, t) = f * -ft(g) 1 z = g.o is called the Segal-Bargmann transform and 
has been studied by Hall [10] , Stenzel |19] and others. 

The image of L 2 (X) under the Segal-Bargmann transform has been 
characterised by Stenzel [19J as a weighted Bergman space. The weight 
function Wt is given in terms of the heat kernel on the noncompact 
dual Y of X. Consider the group G = K exp(ip) whose Lie algebra 
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is t + ip. Under the assumption that U is semisimple, G turns out 
to be a real semisimple group and K a maximal compact subgroup. 
The noncompact dual is then defined as Y = G/K. Let be the 
Laplace-Beltrami operator on Y with heat kernel defined by 

it {9) — [ e^ 2+ ^U9M\)\- 2 d\. 

J (ia)* 

Here ip\ are the spherical functions on Y. Define a weight function Wt(z) 
on X<c by w t (z) = jl t (exp(2H)) , z = uexp(H),u EU,H G ia. Then we 
have the following result. 

Theorem 5.2. The Segal- Bargmann transform is an isometric iso- 
morphism between L 2 (X) and the space of all holomorphic functions on 
Xc that are square integrable with respect to w t (z)dm where dm is the 
invariant measure on Xc- 

This theorem is due to Stenzel [19] ; for an elegant proof using 
Gutzmer's formula see Faraut [5]. The key ingredient in Faraut's proof 
is Lassalle's formula and the following relation between ip\ and ip\, 
namely 

(p x (exp(H)) = ^-i(A+ P )(exp(if)),iJ G ia. 

To conclude this subsection let us recall the following integration for- 
mulas on Xq and Y: 

/ f(x)dm(x) = c / / f(uexp(H).o)J(H)dudH, 

JX C JU Jia 

/ f(x)dmi(x) = c / / f(uexp(H).o)Ji(H)dudH. 

JY JK Jia 

Here the Jacobians J and J\ are defined in terms of the roots, see 
Faraut [5]. We need the following fact that J(H) = Ji(2H). 

5.3. Toeplitz operators and Fourier multipliers. Given a sym- 
bol g(z) defined on Xq we consider the Toeplitz operator T g on the 
Segal-Bargmann space HL 2 (Xc,w t ). In this subsection we are inter- 
ested in finding symbols g so that e tA T g e~ tA is a Fourier multiplier 
on L 2 (X,dm ). Given a bounded function a(A) the Fourier multiplier 
a(D) is defined by 

a(D)f(x) = ^d A a(A) ( f^f s (\)<p}(x) ) 
xeP \j=i J 

for all / G L 2 (X, dmo). It is clear that a(D) is bounded if and only if a 
is bounded. Using Gutzmer's formula we can easily prove the following 
result. 
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Theorem 5.3. Suppose h is a K—biinvariant distribution on G so 
that h * 7^ is well defined. Let g(z)w t (z) = h * 72 t (exp(2i/)) whenever 
z = u exp(H),u eU,H e ia. Then e tA T g e~ tA = a(D) where 

a(A) = / h(exp(H))^ i(x+p) (eMH))Ji(H)dH. 

J ia 

Proof. When F, F' G HL 2 (Xc, w t ) we can use the polarised form 
of Gutzmer's formula to get 



F(uexp(H).o)F'(u exp(H).o)du 



u 



= J2 d ^ 2(lX+pl2)t £/i(A)/'i(A) ^(exp(2i0) 
asp \i=i / 

where F = f * / y t and F' = f '*jt- Integrating the above with respect to 
h * 72 t (exp(2iif)) J(H)dH and recalling the definition of g(z) we obtain 



F(z)F' (z)g(z)wt{z)dm(z) = ^ d x e~ 



■2(|A+p| 2 )t 



£A(A)/'j(A)J J. MeMm)h*lUeM2H))J(H)dH. 

As J(H) = Ji(2H) and ip\(exp(H)) = ift_n\ +p \(exp(H)) the integral 
on the right hand side reduces to 

/ h * 7 ^(exp(iy))^-i(A+p)(exp(iy)) J^dH = e^^h^X + p)). 

J ia 

Thus we have 



T g F(z)F'(z)w t (z)dm(z) = / a(D)f(x)f'(x)dm (x) 

Xc J X 

which proves the theorem. □ 

Remark 5.1. When we take h to be the distribution p(A)5 e where p 
is a polynomial it follows that a(A) = p(— |A+p| 2 ) so that a(D) =p(iA). 
Hence the differential operator p{% A) corresponds to the Toeplitz opera- 
tor with T g with symbol g(z) = 72t(exp(2i/))~ 1 p(A)72j(exp(2.£/~)), z = 
uexp(H).o. In the context of compact Lie groups U, Hall |12] has 
considered more general differential operators on U and studied the 
symbols of Toeplitz operators corresponding to them using a different 
method. 



TOEPLITZ OPERATORS 



20 



5.4. Some remarks on compact Lie groups. Let us rewrite our 
theorem in the previous section as follows. Given a K — biinvariant func- 
tion g on Y = G/K define g(z) = g (exp(2H)) , z = uexp(H).o, H e 
% a. Then we have 

Corollary 5.4. Let g be as above. Then the Toeplitz operator T g 
is bounded on HL 2 (Xc,Wtdm) if and only if 

^o(exp(iy)) 72 1 t (exp( J Ff))^- i (A + p)(exp(F)J 1 ( J ff)diy| < Ce 2t ^ 2 

for all \EV. 

Let U be a compact semisimple Lie group which can be treated as 
a compact symmetric space. In this case the group G turns out to be 
a complex Lie group and hence the heat kernel 7* is explicitly known, 
see Gangolli |8j. We also have explicit expressions for the spherical 
functions ip\ (Weyl character formula) and More precisely, 



n« (e»l»> - e-»<">) 

where W is the Weyl group, c is the Harish-Chandra c— function and 
Q is the set of positive roots. The heat kernel is given by 

7 }(eMH)) = C t e-^n a€Q ( ^l aW) e-m\ 

These two results are proved in Gangolli [8]; see also Helgason |13j . 
Defining 7r(A) = U ae Qa(H\) where H\ G ia corresponds to A we have 
the simple formula c(A) = 7r(p) /n(i\). 

The Jacobian factor J\{H) appearing in the integration formula for 
Y = G/K is also expressible in terms of the roots a & Q. Thus it can 
be checked that 



^ (exp(i/))7 2 1 ,(exp(i7))^_ i(A+p) (exp(F)J 1 (iJ)^ 
Ge~' |p|2 ^ c (-is(A + p)) / g (exp(H))e s{x+p ^ H) iT(H)e-^ Hl2 dH. 



Note that when g$ = 1 the integral 



7 2 1 t (exp(i/))^A(exp(i/))J 1 (i/)^ 



reduces to 

-2t|p| 2 



e 



^c(sA) I Ti(H)e lsX ^e~rt\ H \ 2 dH 
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\sew J 
which is the defining relation for the heat kernel. 

THEOREM 5.5. Let T g be a Toeplitz operator on the Segal- Bargmann 
space associated to a compact Lie group U where g(uexp(H).o) = 
g (exp(H)) , u G U,H G ia. Then T g is bounded if and only if 

| / g (exp(H))e^ + ^7r(H)e-^ H \ 2 dH\ < C t \ir(i(\ + p))|e 2 *l A+ < 

J ia 

Defining gi(H) = g (exp(H))ir(H) the above condition can be put 
in the form 

| / gi {H)e-^\ H -^+p)\ 2 dH\ < C t |7r(i(A + p))| 

J ia 

for all A G V. This has an obvious resemblance with the sufficient 
condition we obtained for the Fock spaces. 
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